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Abstract. The linearly polarized solar spectrum that is produced by coherent scattering processes (also called
“the second solar spectrum”) is full of polarizing features due to molecular transitions, in particular from MgH
and Cs. Their greatly different behavior in comparison with the observed polarization from atomic transitions has
presented us with a new enigma: While the scattering polarization in atomic lines is very sensitive to magnetic
fields via the Hanle effect and therefore exhibits polarization signatures that vary both spatially and with the solar
cycle, the molecular polarization appears to be immune to the influence of magnetic fields. To clarify these issues
we here develop a theoretical foundation for polarized molecular scattering, which can serve as a general tool for
interpretations of the structures in the second solar spectrum. Intrinsic polarizabilities, line strengths, and effective
Landé factors for the different transitions of the P, Q, and R branches of MgH and Cs are calculated. While the
intrinsic polarizabilities remain significant, the effective Landé factors are close to zero for the majority of the
lines, in contrast to the behavior of atomic lines. This resolves the enigma and indicates how the molecular lines
may serve as immutable reference lines against which the atomic lines can be gauged when trying to determine

long-term, solar-cycle variations of the magnetic fields via the Hanle effect.
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1. Introduction

Coherent scattering on the Sun produces a wealth of lin-
early polarized spectral structures that are poorly corre-
lated with the familiar spectral lines in the ordinary inten-
sity spectrum. The spectrum seen in Stokes Q/I (degree
of linear polarization) has therefore been referred to as the
“second solar spectrum” (Ivanov 1991) because of its en-
tirely different appearance and information contents. One
of the big surprises when the richness of the second solar
spectrum was first uncovered (Stenflo & Keller 1996, 1997)
was the prominence of molecular contributions. While the
molecular lines on the quiet Sun are very inconspicuous
and barely visible, they stand out and in many spectral
regions dominate the appearance of the second solar spec-
trum. The center-to-limb variation of their polarization
amplitudes is steeper than for most of the atomic lines
(Stenflo et al. 1997).

The first and successful attempt to theoretically
understand the observed molecular scattering polariza-
tion for the non-magnetic case was done by Rao &
Rangarajan (1999), who did radiative-transfer modelling
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of two Q-branch lines of MgH, at 5165.92 and 5168.14 A,
simultaneously fitting the observed Stokes I and Q/I pro-
files with the oscillator strength, inelastic collision rate,
and depolarizing elastic collision rate as free parameters.
An intrinsic molecular polarizability W5 of 0.4 as derived
from the J quantum numbers of the transition was used.
Wy is the fraction of the scattering processes that occur
as polarizing dipole-type scattering (while the remaining
fraction, 1 — Ws, represents isotropic, unpolarized scatter-
ing).

Recently Faurobert & Arnaud (2002) made an empiri-
cal determination of the W5 polarizability factors for nine
Cs lines and two MgH lines. In contrast to previous ob-
servations they recorded with the THEMIS telescope the
scattering polarization just outside the solar limb, where
the radiation comes from an optically thin layer, which al-
lows an interpretation without model-dependent radiative
transfer. They found W5 values of 0.41 and 0.46 for MgH,
and between 0.13 and 0.26 for C,. These values should
however be considered as tentative until confirmed by in-
dependent observations, because off-limb observations are
notoriously sensitive to spurious effects due to stray-light
and seeing (cf. Keller & Sheeley 1999). As we will see,
their results agree for MgH with the theory presented in
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Fig. 1. 20 A section from the Atlas of the Second Solar Spectrum (Gandorfer 2000) showing polarizing molecular lines from the
Q branch of MgH. The J quantum number, which is the same for the lower and upper levels in the case of Q branch lines, is
given in brackets after the identification. The atlas was recorded 5 arcsec inside the limb of the quiet Sun (at p = 0.1, where u
is the cosine of the heliocentric angle) with ZIMPOL (Zurich Imaging Polarimeter, cf. Povel 2001) at IRSOL (Istituto Ricerche
Solari) in Locarno, Switzerland. The fractional linear polarization (Stokes @Q/I) is defined to be positive when the plane of
polarization is parallel to the nearest solar limb. The dashed line marks the level of the continuum polarization according to
the theory of Fluri & Stenflo (1999). Since the zero point of the (/I scale could not be determined to the same precision as the
relative /I scale, it was chosen so that approximate agreement between the observed and theoretical continuum polarization
was obtained. This procedure also applies to Figs. 9, 10, and 12 below.

the present paper, but for Cy they disagree by a factor
of two.

Magnetic fields influence the scattering polarization
via the Hanle effect. The main effect when observing near
the Sun’s limb is Hanle depolarization, leading to reduced
polarization amplitudes when magnetic fields are present.
Due to this, the appearance of the second solar spectrum
varies not only spatially, with the location on the Sun,
but also temporally, with the phase of the solar cycle.
Due to their different sensitivities to the Hanle effect, dif-
ferent spectral lines are affected to different degrees by
the Hanle effect. This differential Hanle effect can be used
for more model-independent diagnostics of spatially unre-
solved magnetic fields in parameter regimes not accessi-
ble with the ordinary Zeeman effect, e.g. weak, turbulent
fields (Stenflo et al. 1998).

One striking and enigmatic feature found for the dif-
ferential Hanle effect is that while the atomic lines ex-
hibit large fluctuations of their depolarization factor, the
molecular lines appear to be immune to the Hanle effect.
When for instance comparing the Atlas of the Second
Solar Spectrum (Gandorfer 2000) that was recorded
near solar activity maximum with corresponding spectral

sections recorded in 1995 near activity minimum, we find
the same amplitudes for the molecular lines, while the
atomic lines generally have substantially smaller ampli-
tudes, and some depolarize the continuum rather than
stand out above it. Figure 1 shows an example of a section
of the Atlas with identifications of Q branch lines of MgH.

In addition to the 1-D @/I spectra from the Atlas
recordings at IRSOL (Locarno) that we use as examples in
the present paper we have performed vector polarimetric
imaging of all four Stokes parameters (I, Q/I, U/I, V/I)
in different magnetic regions on the Sun. These recordings
(still unpublished) show pronounced signatures of both
the Zeeman and Hanle effects with large spatial fluctua-
tions along the spectrograph slit, like the Stokes recordings
published for the Na1 D2 and Dy lines (Stenflo et al. 2001),
but these fluctuations are only present for the atomic lines.
Both the Zeeman and Hanle effect are absent in the promi-
nent MgH and C, molecular lines, which appear immune
to the influence of magnetic fields.

The aim of the present paper is to present a theoret-
ical foundation for the interpretation of molecular lines
in the second solar spectrum and to resolve the enig-
matic, contrasting behavior between atomic and molecular
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lines: Why are the molecular lines strongly polarizing
while at the same time being immune to magnetic fields?

2. Polarizabilities of scattering transitions
2.1. Atomic case

Radiative scattering can be regarded as a two-stage pro-
cess: radiative absorption followed by spontaneous emis-
sion. If the initial and final levels of a scattering process are
the same, we speak of Rayleigh scattering, while if they
are different we are dealing with Raman scattering. We
use the notation J for the total angular momentum quan-
tum number of an atomic state, and p or m for the mag-
netic quantum numbers of a substate. Indices a, b, and f
are used to mark if a substate is an initial, intermediate,
or final state of the scattering process. If we let index 3
symbolize the polarization state of the incident photons, «
that of the scattered photons, then the complex scattering
amplitude from the initial to the final substate is given by
the Kramers-Heisenberg dispersion formula (Stenflo 1994,
hereafter S94, pp. 121-122)

(17 - ealb) (Bl - esa)
~ 1
o ~ S A SH 1)

where the sum is taken over all intermediate substates
with quantum numbers J, and m. Through this sum the
coherent superposition of both the different Zeeman sub-
levels m and of the different total angular momentum
states Jp, are taken into account. w is the frequency of the
scattered radiation, hwys the energy difference between
the excited and final states, and v the damping constant
that accounts for the broadening of the excited state, while
the initial state is assumed to be infinitely sharp. 7 is the
position operator, which is proportional to the dipole mo-
ment operator, and e, g are the unit polarization vectors.

To describe the transformation of the incident to the
scattered Stokes vector, we form the Mueller scattering
matrix M as follows:

M =TWT !, (2)

where T and T~ ! are purely mathematical transformation
matrices without physical contents (S94, p. 41). The ele-
ments of the radiation coherency matrix W are formed by
the products of the scattering amplitudes wqg in Eq. (1):

W=w®uw", (3)

if the relative populations of the initial magnetic substates
o are assumed to be equal (no initial-state atomic polar-
ization). Since wqg is a tensor, the tensor product is used
(S94, p. 39).

The polarizability Wy of a scattering transition rep-
resents the fraction of the scattering processes that be-
have like dipole-type (polarizing) scattering, while the re-
maining fraction 1—W5 behaves like isotropic, unpolarized
scattering (S94, p. 183). W5 is expressed via the elements
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of the W matrix and, hence, in terms of the amplitudes
wqag. Therefore, in order to calculate W5, we need to clar-
ify first the meaning of the matrix elements (f|# - e,|b)
and (b|7 - egla).

The scalar products between the position operator and
the linear unit polarization vectors give rise to the geomet-
rical factors ef* and sg (S94, p. 48) through

Preq =Y fqel”. (4)
q

These factors are formed from the complex spherical vec-
tors e, through g = e, - €4, where ¢ = 0, +1. Thus

(17 - ealb) = (Jpugl Y fqeq™|Jom)- (5)

However, since ¢ = uy — m, only one component of the
sum contributes, so that

(17 - ealb) = (JrpslfqlJym) €™ (6)
Similarly, for the second amplitude, we obtain:
(b7 - egla) = (Japtaliy|Jym)* <5, (7)

where ¢/ = p, — m.
The matrix elements in the above expressions may be
expanded via the Wigner-Eckart theorem (S94, p. 145):

(1)t t 2 0 +1

(2 2 ) rlein. @

(JaptalPq | Jom)* = (=1)7Fratty/2], +1
Jy Jo 1 AT
(e ) el o)
where the reduced matrix elements (Jf||#||J;) and
(Jal|?||Jp)* can be directly related to the oscillator

strengths of the transitions fy, and fo, (S94, pp. 192
and 199):

(Jrl[#]]Jo) ~

(JppgliglJym) =

SN (10)
1y . (11)

Here, r¢, and 74, are even or odd integers depending on
the quantum numbers L, S and J.

Thus, finally, we obtain the expanded expression of the
scattering amplitude (S94, p. 174; Stenflo 1998):

Wop ~ O (=17 Fo T /(2T + 120 +1)

Jb,m

X(Jb Jy 1)(Jb Ja 1)
—m py —q —m g —q

(Jal[P[[Jo)" ~

X (1)1 D, 57ED, (12)
where
2/i
Do, = 13
He Wiy, —w — 177/2 (13)
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is the normalized profile function, and

= (B, — EW)/FL
= wyr + (gem — gpy) wi

Wiy

(14)

is the frequency of the transition between the magnetic
sublevels m amd p; expressed via the Landé factors gy
and gy of the intermediate and final J-states. wy, is the
Larmor frequency.

2.2. Molecular case

Extending the theory of radiative scattering from atoms to
diatomic molecules implies a basic change in the symmetry
of the system — from the spherical symmetry of an atom to
the axial symmetry of a diatomic molecule. The axial sym-
metry introduces a direction in which the total electronic
orbital momentum and spin can be spatially quantized.
Furthermore, a third angular momentum appears due to
molecular rotation. Therefore the total angular momen-
tum of a diatomic molecule is produced by three angu-
lar momenta and depends on how strongly they interact
with each other. One can distinguish between a few cou-
pling schemes for the three momenta with respect to how
they combine with each other and the so-called internu-
clear axis. Independent of the coupling scheme, the total
angular momentum quantum number conserves its values
and is therefore always a good quantum number (assuming
that there are no or only weak external perturbations, like
from an external magnetic field). Because of this, molec-
ular Zeeman sublevels are like atomic sublevels character-
ized by the quantum numbers J and m, the total angular
momentum and its magnetic projection. Therefore radia-
tive scattering in lines of diatomic molecules is generally
described by the same expressions as given for the atomic
case in Sect. 2.1. The difference appears only in calcula-
tions of the line oscillator strength, the Landé factors and
the sign of the interference terms, i.e., in rq and rgp, all
of which also depend on the electronic quantum numbers
that have no analogs in the atomic case. Leaving these
parameters for the next section and the Appendix, let us
here consider the main question of the polarizability of
molecular scattering transitions when no interference is
involved.

Since all the molecular lines considered here are weak
without significant dispersion wings, interference will only
be of significance between transitions with the same ini-
tial and final states, when the separation between the ex-
cited states is of the same order as the damping width,
or smaller. This is not the case for the majority of the
lines considered here. Although such interference can be
neglected in the present work, we present the theory for
it in the Appendix for the sake of completeness, to serve
as a foundation for future applications.

As was noted in Sect. 2.1, the linear polarizability
Wy of a scattering transition is expressed through the
elements of the matrix W, which are functions of the
quantum numbers J,, Jp, and J¢. Due to the selection
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rule AJ =0,+1, however, the complicated expressions
for Wy can be reduced to simple ones for both Rayleigh
and Raman scattering. The three sequences of transitions
with AJ = —1,0,+1 form, respectively, P, Q, R rota-
tional branches. In the Rayleigh scattering case, when
Jy = Jo = J and AJ = J, — J, the absorption and
subsequent emission occur in the same branch line. The
polarizability of these scattering transitions is as follows
(S94, p. 188-189):

Wa(P —P) = %, (15)
Wa(Q Q) = IS (16)
Wa(R —R) = (J +2)(2J +5) an

10(J +1)(2J + 1)

In the Raman scattering case, the absorption occurs in one
branch and the emission in another. This case is exhausted
by three transition types with J, < Jy. Denoting again
J, = J, one obtains:

2J -1
WQ(Q HP):—m, (18)
2J+5
W2(R—Q) = BUOEDE (19)
Wa(R —P) = 1_10 (20)

All the cases when J, > Jy can always be converted to one
of the cases above by reversing the direction of scattering,
e.g., Wo(P —R) = W(R —P), etc.

Although these expressions are formally identical to
the expressions obtained for the atomic case, their physi-
cal meaning is quite different. In the case of atoms, a single
line corresponds to a single electronic transition, and the
polarization of the line is unambiguously determined by
the quantum numbers of the electron levels involved in
the scattering process. In the case of molecules, a single
electronic transition leads to the appearance of lines with
different states of polarization (all the lines in R, Q, and
P branches in many vibrational bands). This happens be-
cause there is a difference of several orders of magnitude
between the lifetime of an excited electronic state and the
period of molecular rotation: while a molecule is in an ex-
cited state, it will execute an extremely large number of
rotations (as well as a large number of vibrations, which
however do not affect the polarization).

In Fig. 2 the polarizability W5 for the rotational
branches is plotted for the Rayleigh scattering case and
for the range of J numbers that are typical for molecu-
lar lines observed in the solar spectrum. It is interesting
to note that the Q branch lines have four times larger
polarizability for high J numbers. W5 rapidly increases
and approaches the asymptotic value 0.4 for J > 7.5. The
opposite behaviour is seen for R branch lines, whose po-
larizability rapidly decreases and approaches from above
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Fig. 2. The intrinsic polarizability Ws for Rayleigh scattering in molecular lines for the P, Q, R rotational branches.

the asymptotic value 0.1. The same asymptotic value is
reached from below for P branch lines, whose polarizabil-
ity is the lowest, only between 0 and 0.1. The asymp-
totic limits for the polarizability with increasing rotation,
i.e., with J number, have a simple classical interpretation
(Feofilov 1961). Absorption and emission in lines of P and
R branches may, in this limit, be described in terms of lin-
ear oscillators that are aligned with the molecular axis and
therefore rotate together with it. In contrast, the processes
in Q branch lines can be described in terms of oscillators
that are aligned with the rotational axis of the molecule,
i.e., perpendicular to the molecular axis.

In Fig. 3 the polarizability W5 is plotted for the Raman
scattering case. Here only two types of scattering tran-
sitions are important, namely Q — P and R — Q for
Jo < Jy (or correspondingly P — Q and Q — R for
Jo > Jf). The polarizability of these transitions vary with
J to rapidly approach the asymptotic value —0.2, start-
ing from either 0.0 or —0.4. The significant difference with
respect to the Rayleigh scattering case is that W5 is neg-
ative. This means for instance that incoming light, which
is linearly polarized perpendicular to the scattering plane,
becomes polarized parallel to the scattering plane when
emerging from the scattering event (S94, p. 189). Thus
Raman scattering may reverse the state of the linear po-
larization, in contrast to Rayleigh scattering.

Let us finally note that the above polarization proper-
ties of the rotational branches are the same for all types of
electronic transitions and all vibrational bands of diatomic
molecules as long as J is a good quantum number.

3. Molecular Landé factors and intensity factors

The axial symmetry of a diatomic molecule causes the
emergence of new electronic quantum numbers not present
in the atomic case: the projections A and X of the or-
bital angular momentum and spin on the internuclear axis.
These projections can be defined if the electronic momenta
are strongly coupled to the axis and to each other. This
case, which implies strong spin-orbit coupling, is called
Hund’s case (a) (cf. Herzberg 1950). The interaction of
the electronic momenta with the rotation of the molecule
may cause partial or complete decoupling from the inter-
nuclear axis. It is the spin that more often gets decoupled.
This case of weak spin coupling is called Hund’s case (b).
In this case the spin interacts stronger with rotation, and
its projection onto the internuclear axis cannot be defined.

Since the magnetic moment of a molecule is deter-
mined by the electronic momenta, the expressions for the
Zeeman effect depend on which spin coupling case ap-
plies. For pure Hund’s cases, the expressions for the Landé
factors are rather simple, while when the spin is par-
tially decoupled, perturbation calculations are needed (cf.
Berdyugina & Solanki 2002).

The Zeeman effect in atomic and molecular lines dif-
fer in one fundamental respect. Since molecular rotation
contributes to the total angular momentum, J can have
values much larger than what is possible in the atomic
case, in which only the electronic angular momenta con-
tribute to J. As J increases, the relative contribution of
rotation to J also increases, while the magnetic moment
of the molecule does not change significantly, since the
rotational contribution to the magnetic moment is three
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Fig. 3. The intrinsic polarizability Ws for Raman scattering in molecular lines.

orders of magnitude smaller than the corresponding con-
tribution of the electronic momenta. Therefore the ratio
between the magnetic moment of a molecule and its total
angular momentum rapidly decreases, which is reflected
in the behaviour of the Landé factors.

Below we will consider the electronic transitions of
MgH A%I1— X 2% and Cy d®I1— a1, since numerous bands
of each have been observed in the photospheric spectrum
as well as in the second solar spectrum.

3.1. MgH A2[1 — X2X

Berdyugina & Solanki (2002) have analysed the mag-
netic properties of this band system in the Zeeman regime
(which is relevant also for the present problem) and con-
cluded that the partial decoupling of the spin for the upper
electronic state results in significant perturbations of the
Zeeman-split rotational levels with J < 15.5. The ground
state is described by the pure Hund’s case (b), since for
Y-states A = 0, and the spin is completely decoupled from
the internuclear axis. Note, however, that the coupling of
spin with rotation is also not very strong and can easily
be destroyed by rather weak external magnetic fields. This
would imply a transition to the Paschen-Back regime. For
the ground electronic state of MgH, the field strength for
which the Paschen-Back effect needs to be taken into ac-
count is only 280 G for the very first rotational levels. This
value increases with rotation.

In Fig. 4 we give the Landé factors for the doublet
rotational levels of the upper and lower states. For the
upper state they have been calculated with the pertur-
bation algorithm for partial spin decoupling described by

Berdyugina & Solanki (2002). For the lower state they
have been computed using the expression for the pure
Hund’s case (b),

1 A2
J(J+1) { OIN(N + 1)
<[J(J+1)+ NN +1)—S(S+1)]

g:

+J(J+1)—N(N—|—1)+S(S+1)}, (21)
and inserting A = 0 for the lower Y-state. S is the spin
quantum number (in our case S = 1/2), while N is the
quantum number for the total angular momentum exclud-
ing spin. N can have the integral values N = A, A+1,...
(i.e., for the X-state N = 0,1,...). The total angular mo-
mentum including spin, J, is then formed from N and S
as follows: J =N+ S, N+S—1,...,|N —S|. Here we
thus have J = N +1/2 and N — 1/2, which leads to the
doublet levels T and Ts. Note that Eq. (21) with A =1
can also be used to accurately predict Landé factors for
the upper, Il-state, levels with J > 15.5, for which Hund’s
case (b) becomes a good approximation.

One can see from Eq. (21) that there is a clear differ-
ence between the Zeeman splitting (or Landé factors) of
atomic and molecular lines. While the Landé factor of an
average atomic line is typically about unity, Landé factors
of molecular lines are on average very close to zero (al-
though exceptions exist, see Berdyugina & Solanki 2002).
The explanation for this behavior was given in the be-
ginning of this section. In contrast, the probability am-
plitudes of the Zeeman transitions are identical for the
atomic and molecular lines as was concluded in Sect. 2
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Fig. 5. The effective Landé factors for the rotational branches of the MgH lines: R; and R2 — solid curves, Q1 and Q2 — dashed,

P; and P2 — dashed-dotted.

(cf. Eq. (8)). The calculation of effective Landé factors for
molecular lines is therefore done in the same way as for
atomic lines (cf. the expressions in S94, p. 110).

The behaviour of the Landé factors for both states of
the MgH green system is that the splitting of the levels
becomes independent of J as J increases, while the Landé
factors rapidly approach zero (for details, see Berdyugina
& Solanki 2002). As a consequence, the effective Landé

factors for the very first rotational transitions are the
largest, as shown in Fig. 5. The most magnetically sen-
sitive lines are thus excited from the levels with J < 10.5.
Note also the negative effective Landé factors, which are
quite common for molecular transitions (Berdyugina &
Solanki 2002).

In the second solar spectrum only MgH lines of the
Q1 and Qs branches are observed to be prominent.
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To explain this, we have in Fig. 6 calculated for all rota-
tional branches of the (0,0) band the absorption intensity
factors defined as follows:

Iy = fyr 3 Nuax (2]” + 1) eXp(*E']///kT) , (22)
where f;; is the absorption oscillator strength of the
transition J” — J’ and Ej~ is the lower level excitation
energy. They were calculated for the intermediate Hund’s
case (for details, see Appendix) with molecular constants
from Bernath et al. (1985) and the (0,0) band oscilla-
tor strength, foo = 0.161, from Kirby et al. (1979). The
calculation has been done with the model of the solar at-
mosphere by Grevesse & Sauval (1999) for the layer where
the number density of MgH reaches its maximum, Myax,
where the temperature is 7' = 5538 K. This maximum is
located well below the temperature minimum because the
molecular number density is proportional to the product
of the number densities of the atoms that make up the
molecules. It is clearly seen from Fig. 6 that the intensity
of the Q branches is twice as large as that of the other
branches. Combining this with the strong polarizability
of the Q branches, we conclude that indeed only these
lines should stand out in the observed second solar spec-
trum. In Table 1 we present their wavelengths (Balfour &
Cartwright 1976), polarizabilities Wa, and effective Landé
factors gef.

In our calculations Local Thermodynamic Equilibrium
(LTE) and chemical equilibrium have been assumed. It has
been shown that these assumptions are valid for molec-
ular opacities in solar and stellar atmospheres, and no
deviations from LTE level populations have been found
observationally (cf. Johnson 1994). The most significant
non-LTE effect on molecular opacities can arise from ove-
rionization of neutral atoms, which might reduce the pool

from which molecules can be made. This effect will not oc-
cur for molecules composed of the abundant elements H,
C, N, and O because of their large ionization potentials
(11-15eV). MgH might in principle be affected by overi-
onization of Mg, whose ionization potential is 7.6 eV. The
effect is however negligible for the Sun, since the difference
in the Mg abundance determined from Mg1 and Mg11 lines
is only 0.05dex (Lambert & Luck 1978).

32 Cod®n—a3n

The magnetic properties of the Swan system of Cs in the
Zeeman regime have been investigated by Berdyugina &
Solanki (2002). They concluded that both the upper and
lower electronic states of the system are subject to inter-
mediate spin coupling. However, deviations from the pure
Hund’s case (b) due to incomplete spin decoupling are
only seen for small J, while lines with J > 10 are well de-
scribed by case (b). Equation (21) can for instance be used
for levels with higher J numbers. In general, the magnetic
sensitivity of lines from this system is not very large as
compared with for instance the MgH band system. The
Zeeman regime is appropriate for the Cs lines up to field
strengths as large as T0kG.

The triplet structure of the Cs levels is caused by the
three different combinations of N and S = 1, namely J =
N+1, N, and N —1. They give rise to the three rotational
terms Ty, To, and T3. In Fig. 7 we present the Landé
factors for the triplet terms of the upper (T’) and lower
(T") states. For both states they were calculated using the
perturbation algorithm for partial spin decoupling given
by Berdyugina & Solanki (2002). The behaviour of the
Landé factors is similar to that of the MgH lines, i.e.,
they are larger for smaller J and rapidly decrease as J
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Table 1. Parameters for the Q1 and Q2 lines of MgH.

J" W

AQ1 AqQ2 Jeff, Q1 Jeff, Q2

0.5 0.0000 - 5184.4819 - -
1.5 0.3200 5186.3727 5184.3126 1.0866 —0.0200
2.5 0.3657 5185.7332 5183.8523 0.7463 —0.2892
3.5 0.3810 5185.0143 5183.2273 0.5609 —0.3069
4.5 0.3879 5184.1583 5182.3579 0.4461 —0.2845
5.5 0.3916 5183.1398 5181.2691 0.3689 —0.2570
6.5 0.3938 5181.9482 5179.9737 0.3138 -0.2317
7.5 0.3953 5180.5798 5178.4786 0.2726 —0.2099
85 0.3963 5179.0303 5176.7898 0.2408 -0.1913
9.5 0.3970 5177.2999 5174.9038 0.2155 -0.1754
10.5 0.3975 5175.3807 5172.8340 0.1950 -0.1619
11.5 0.3979 5173.2837 5170.5706 0.1780 -0.1501
12.5 0.3982 5171.0065 5168.1355 0.1636 —0.1399
13.5 0.3985 5168.5523 5165.5185 0.1514 —0.1310
14.5 0.3987 5165.9216 5162.7229 0.1409 -0.1231
15.5 0.3988 5163.1148 5159.7465 0.1317 -0.1161
16.5 0.3990 5160.1327 5156.6007 0.1236 —0.1098
17.5 0.3991 5156.9757 5153.2727 0.1165 -0.1042
18.5 0.3992 5153.6499 5149.7899 0.1101 -0.0991
19.5 0.3992 5150.1427 5146.1369 0.1044 —0.0944
20.5 0.3993 5146.4972 5142.3145 0.0993 —0.0902
21.5 0.3994 5142.6796 5138.3341 0.0946 —0.0863
22.5 0.3994 5138.6959 5134.1963 0.0904 —0.0828
23.5 0.3995 5134.5576 5129.8993 0.0865 —0.0795
24.5 0.3995 5130.2547 5125.4624 0.0829 -0.0765
25.5 0.3996 5125.8119 5120.8574 0.0796 -0.0737
26.5 0.3996 5121.2194 5116.1245 0.0766 -0.0711
27.5 0.3996 5116.4518 5111.2487 0.0738 —0.0687
28.5 0.3996 5111.5989 5106.2258 0.0712 —0.0664
29.5 0.3997 5106.5779 5101.0695 0.0687 —0.0643
30.5 0.3997 5101.4079 5095.8016 0.0664 —0.0623
31.5 0.3997 5096.1549 5090.3683 0.0643 —0.0604
32.5 0.3997 5090.7208 5084.8327 0.0623 —0.0586
33.5 0.3997 5085.1767 5079.1802 0.0604 —0.0570
34.5 0.3998 5079.5260 5073.3960 0.0587 —0.0554
35.5 0.3998 5073.7462 5067.5043 0.0570 —0.0539
36.5 0.3998 5067.8639 5061.5160 0.0554 —0.0525
37.5 0.3998 5061.8697 5055.4115 0.0539 —0.0512
38.5 0.3998 5055.7694 5049.2094 0.0525 —0.0499
39.5 0.3998 5049.5843 5042.8394 0.0512 —0.0487
40.5 0.3998 5043.2974 5036.5337 0.0499 —0.0475
41.5 0.3998 5036.8813 5030.0564 0.0487 —0.0464
42.5 0.3998 5030.4032 5023.4898 0.0475 —0.0454
43.5 0.3998 5023.8432 5016.8471 0.0464 —0.0444
44.5 0.3999 5017.1971 5010.1140 0.0454 —0.0434
45.5 0.3999 5010.4781 5003.3488 0.0444 —0.0425
46.5 0.3999 5003.7019 4996.4895 0.0434 —0.0416
47.5 0.3999 4996.8367 4989.5345 0.0425 —0.0408
48.5 0.3999 4989.9230 4982.3107 0.0416 —0.0399

increases. This is also reflected in the behaviour of the
effective Landé factors of the lines shown in Fig. 8.

In the second solar spectrum, only the C; lines of the P
and R branches are clearly observed, while the lines of the
Q branches are missing. Examples of the observed scatter-
ing polarization in the P and R branch lines are given in
Figs. 9 and 10. This difference with respect to MgH can be
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understood if line strengths are taken into account. Since
in the Swan system both the upper and lower electronic
states have the same A, i.e., AA = 0, the branches with
A J =0, i.e., the Q branches, decrease very rapidly in in-
tensity with increasing J and are therefore most often not
observed. This is clearly shown in Fig. 11, where the inten-
sity factors Iy for the (0,0) band of the Swan system
calculated with Eq. (22) are presented. In this equation,
E i and fj 5 were calculated for the intermediate Hund’s
case (see appendix) using molecular constants from Huber
& Herzberg (1979) and the (0,0) band oscillator strength,
foo = 2.55 x 1072, from Cooper & Nicholls (1976). The
calculation was again done with the model of the solar at-
mosphere by Grevesse & Sauval (1999) for the layer where
the number density of Cs reaches its maximum, where the
temperature is T = 5440K. We can therefore conclude
that Cs lines of the Q branches are not observed in the
second solar spectrum because of their very low transition
probabilities. Thus only lines of P and R branches are of
interest. In Table 2 we list their wavelengths according to
Phillips & Davis (1968), polarizabilities W5 calculated for
the Rayleigh scattering case via Eqs. (15) and (17), and
effective Landé factors g.

From Fig. 11 we note that the intensity factors be-
come very small for small values of J. This causes the P
and R branch polarization to be very small or practically
absent in lines with low J values, as illustrated in Fig. 12
for R branch lines of Cy. The observations thus confirm
that the polarization amplitudes scale with the product
between the intensity factors and Ws.

It is interesting to note that the polarization observed
in the Co P and R branch lines is stronger than the po-
larization in MgH Q branch lines, although, as was shown
in Sect. 2.2, the theoretical polarizability of Q lines is on
average 4 times larger as compared with P and R lines
for any given molecule. This paradox is however resolved
if we account for the relative Cy and MgH intensity fac-
tors. Due to the significantly different dissociation ener-
gies of Co and MgH (6.11eV and 1.27eV, respectively),
the maximum number density in the solar photosphere
is 60 times larger for Cy than for MgH. The difference is
however reduced by the smaller band oscillator strength
of Ca: foo(C2)/ foo(MgH) = 0.16. The final ratio of the in-
tensity factors is therefore Iy 5/ (Cg)/1y1 5 (MgH) = 9.5.
This is clearly seen from Figs. 6 and 11. When we now
account for the factor of four difference in the polarizabil-
ities, we expect that the polarization in the Cs lines of
the solar spectrum should be on average at least twice
that of the MgH lines. This conclusion is consistent with
the observations.

4. Resolution of the enigma and discussion

With the theoretical tools that we have now developed, we
are able to clarify the enigmatic behavior of the molecular
lines. The main puzzle, why the molecular lines seem to
be immune to the Hanle effect, is resolved by the combi-
nation of significant intrinsic polarizability W5 and very
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Fig. 8. The effective Landé factors for the rotational branches of the Cs lines: R branches — solid curves, Q branches — dashed,

P branches — dashed-dotted.

small Landé factors. Most molecular lines have, in contrast
to most atomic lines, large angular momentum quantum
numbers J. When the electron spin S remains small, the
Landé factor goes asymptotically to zero as J increases
according to Eq. (21).

As molecular transitions with small J are not immune
to magnetic fields, it should in principle be possible to
observe the Hanle effect for them. However, the intensity
factors, which determine the effective strength of the lines

as they appear in the solar spectrum, become small when
J is small. Since the polarization amplitudes scale with the
intensity factors, the lines with significant Landé factors
will have vanishing polarization signals. As a consequence
all the molecular lines with strong scattering polarization
are insensitive to magnetic fields.

The reason why we for MgH only see the Q branch
lines in the second solar spectrum is two-fold: (1) the po-
larizability factor Ws is four times larger for the Q branch
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Fig.9. 17 A section of the second solar spectrum, from the atlas of Gandorfer (2000) like in Fig. 1, but here illustrating the
polarizing molecular lines from the P branch of C. The numbers in the brackets are the total angular momentum quantum
numbers J for the lower level of the transition. Note that while all the lines with high J numbers have prominent polarization
peaks, The three lines with small J (2 and 3) marked in the lower right-hand corner of the diagram have no significant
polarization. This behavior is explained by Fig. 11 below and in the text.
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Fig. 10. Similar to Fig. 9, but this time illustrating the Ca polarization of R branch lines with high J number (given in the
brackets for the lower level of the molecular transition).

than for the P and R branches. (2) The intensity factor, the polarization amplitudes of Q branch lines are expected
which determines the effective line strength, is about twice to be eight times larger than the amplitudes of the P and
as large for the Q branch as compared with the P and R R branch lines. Therefore only the Q branch lines stand
branches. The combination of these two factors means that out in the observed spectrum.
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Fig. 12. Same as Fig. 10, but this time for a section of the atlas with R branch lines of Cy that have small lower-level J values.
As expected from the theory these lines have very small or insignificant intrinsic polarization. Note that a substantial part of
the spectral range shown here is also covered by the range in Fig. 9. Most of the polarizing lines belong to the P branch lines
of Cy. The two polarizing lines near 5150 A coincide with the locations of two polarizing Q branch lines of MgH (Q2(18.5) and
Q1(19.5) according to Table 1) and are therefore not evidence for R branch polarization in C,.

The situation is different for the Cs lines. Their
Q branch lines are missing in the solar spectrum, because
they have intensity factors that are almost zero, in con-
trast to the P and R branch lines. It may seem paradoxical
that the observed polarization amplitudes of the Cs P and
R branch lines are often larger than the amplitudes of the
MgH Q branch lines, although the intrinsic polarizability

Ws is four times smaller (=0.1) and the band oscillator
strength six times smaller for Co than for MgH. Both of
these two large factors are however more than compen-
sated for by an even larger factor in favor of Cy: due to the
substantially higher dissociation energy for Co the number
density in the solar atmosphere is about 60 times larger for
Cy than for MgH. When accounting for the difference in
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Table 2. Parameters for the P and R branch lines of Cs. Table 2. continued.
J' Wa Ap1 gp1 Wo AR1 JR1 J" Wh AP1 gpr1 Wo AR1 gRr1
(P) P2 P2 (R) R2 R2 (P) P2 P2 (R) R2 R2
P3 P3 R3 R3 P3 P3 R3 R3
2 0.000 - — 0.240 5156.108 —0.606 20 0.081 5164.201 -0.112 0.115 5128.186 —0.096
5160.576 - 5156.108  0.098 5163.873  0.003 5126.096  0.001
5161.054 - 5155.572  0.591 5163.579  0.109 5124.048  0.095
3 0.014 5160.765 -0.641 0.196 5155.195 -0.526 21 0.082 5163.808 -0.106 0.114 5125.972 -0.092
5161.285  0.000 5154.992  0.055 5163.440  0.003 5123.874  0.001
5161.854  0.636 5154.215  0.493 5163.046  0.103 5121.693  0.091
4 0.028 5161.375 -0.572 0.173 5154.192 -0.452 22 0.083 5163.400 -0.101 0.114 5123.781 -0.087
5161.984  0.033 5153.774  0.029 5162.934  0.002 5121.543  0.001
5162.578  0.538 5152.956  0.413 5162.511  0.098 5119.374  0.087
5 0.038 5162.037 -0.500 0.159 5153.085 -0.387 23 0.084 5162.871 -0.096 0.113 5121.433 -0.084
5162.564  0.044 5152.515  0.016 5162.378  0.002 5119.203  0.001
5163.134  0.456 5151.521  0.350 5161.847  0.094 5116.884  0.083
6 0.046 5162.628 —0.434 0.149 5151.933 -0.332 24 0.084 5162.344 -0.091 0.112 5119.124 -0.080
5163.134  0.045 5151.173  0.008 5161.734  0.002 5116.751  0.000
5163.597  0.389 5150.140  0.302 5161.187  0.089 5114.458  0.080
7 0.052 5163.067 -0.376 0.142 5150.647 —0.288 25 0.085 5161.676 —0.087 0.112 5116.652 -0.077
5163.613  0.040 5149.782  0.024 5161.052  0.002 5114.298  0.000
5164.095 0.336 5148.604  0.264 5160.377  0.086 5111.847  0.076
8 0.057 5163.537 —0.328 0.137 5149.326 —0.252 26 0.085 5161.024 -0.083 0.112 5114.231 -0.074
5164.028  0.034 5148.320  0.019 5160.279  0.001 5111.710  0.000
5164.495 0.294 5147.112 0.233 5159.596 0.082 5109.304 0.074
9 0.061 5163.934 -0.288 0.133 5147.924 -0.223 27 0.086 5160.225 -0.080 0.111 5111.629 -0.071
5164.371  0.028 5146.811  0.014 5159.467  0.001 5109.154  0.000
5164.770  0.260 5145.479  0.209 5158.659  0.079 5106.573  0.071
10 0.065 5164.286 -0.255 0.130 5146.462 —0.200 28 0.086 5159.448 -0.077 0.111 5109.093 -0.069
5164.662  0.023 5145.230  0.011 5158.550  0.001 5106.443  0.000
5165.013  0.233 5143.860  0.189 5157.750  0.076 5103.917  0.068
11 0.068 5164.559 -0.228 0.127 5144.918 -0.180 29 0.087 5158.506 —0.074 0.110 5106.366 —0.066
5164.864  0.018 5143.594  0.008 5157.627  0.001 5103.774  0.000
5165.152 0.210 5142.111 0.172 5156.678 0.073 5101.070 0.066
12 0.070 5164.785 -0.205 0.125 5143.331 -0.164 30 0.087 5157.604 -0.071 0.110 5103.740 -0.064
5165.028  0.015 5141.891  0.006 5156.573  0.001 5100.940  0.000
5165.251  0.191 5140.376  0.158 5155.646  0.070 5098.301  0.064
13 0.072 5164.927 -0.187 0.123 5141.645 -0.151 31 0.088 5156.532 -0.069 0.110 5100.867 —0.062
5165.106  0.012 5140.139  0.005 5155.528  0.001 5098.161  0.000
5165.252  0.175 5138.505  0.146 5154.449  0.068 5095.330  0.062
14 0.074 5165.029 -0.171 0.121 5139.926 -0.140 32 0.088 5155.525 -0.066 0.109 5098.124 —0.060
5165.131  0.010 5138.311  0.004 5154.338  0.001 5095.206  0.000
5165.223  0.161 5136.658  0.136 5153.289  0.066 5092.458  0.060
15 0.075 5165.039 -0.157 0.120 5138.106 —0.130 33 0.088 5154.293 -0.064 0.109 5095.144 —0.058
5165.080  0.008 5136.437  0.003 5153.166  0.001 5092.317  0.000
5165.088  0.149 5134.666  0.127 5151.951  0.064 5089.365  0.058
16 0.077 5165.013 -0.146 0.119 5136.270 -0.121 34 0.089 5153.156 —-0.062 0.109 5092.292 -0.057
5164.975  0.007 5134.482  0.002 5151.846  0.001 5089.250  0.000
5164.939  0.139 5132.693  0.119 5150.672  0.062 5086.394  0.057
17 0.078 5164.892 -0.135 0.118 5134.312 -0.114 35 0.089 5151.807 -0.060 0.109 5089.190 —0.055
5164.794  0.005 5132.490  0.002 5150.550  0.001 5086.252  0.000
5164.673  0.130 5130.580  0.112 5149.198  0.060 5083.179  0.055
18 0.079 5164.739 -0.127 0.117 5132.353 -0.107 36 0.089 5150.554 —-0.058 0.108 5086.243 —0.054
5164.551  0.005 5130.411  0.002 5149.101  0.001 5083.059  0.000
5164.389  0.122 5128.490  0.106 5147.812  0.058 5080.100  0.054
19 0.080 5164.479 -0.119 0.116 5130.266 —0.101 37 0.090 5149.063 -0.057 0.108 5083.013 —0.052
5164.247  0.004 5128.301  0.001 5147.683  0.000 5079.959  0.000

5163.989  0.115 5126.253  0.100 5146.204  0.056 5076.763  0.052




S. V. Berdyugina et al.: Molecular line scattering

oscillator strength we find that the intensity factors for Cq
are larger than those of MgH by a factor of about ten. The
observations confirm that the polarization amplitudes do
indeed scale not only with the polarizability Ws, but with
the product of W5 with the respective intensity factors.

Recently Faurobert & Arnaud (2002) determined em-
pirical values for the polarizability factor Wy for nine
Co lines and two MgH lines in the wavelength range
5157-5161 A. The determinations were based on observa-
tions of the scattering polarization amplitudes just out-
side the solar limb, where the molecular lines stand out
in emission against a weak continuous background spec-
trum. Off-disk observations have the advantage that de-
pendence of the interpretation on radiative transfer can
be avoided, since the emitting layer is optically thin. The
disadvantage is however that such observations are noto-
riously sensitive to stray light, which has a multitude of
sources (seeing fluctuations, sky background, instrumen-
tal scattering). A large stray light background has to be
subtracted from the observations before an interpretation
of the spectral features is possible. Based on such obser-
vations, Faurobert & Arnaud (2002) find values for Wy
of 0.41 and 0.46 for the two MgH lines, which is in good
agreement with the theoretical value of 0.40 according to
our Table 1. For the nine C; lines, however, they find val-
ues spread between 0.13 and 0.26, while according to our
Table 2 the theoretically predicted value is 0.09, smaller
by approximately a factor of two. It would be important
to clarify the nature of this discrepancy, by independent
and more extensive observations, as well as by theoretical
modelling of the scattering polarization in these lines.

With the theoretical foundation that we have devel-
oped here we now have an adequate tool for more system-
atic explorations and interpretations of the second solar
spectrum. Since the intensity factors depend on the phys-
ical conditions in the temperature minimum region of the
Sun, the absolute values of the polarization amplitudes
may be used to diagnose this region. The magnetic invari-
ance of the molecular lines makes them suited to serve as
immutable reference lines against which the polarization
fluctuations in the atomic lines due to the Hanle effect
can be gauged and calibrated. This is of particular im-
portance if one wants to pursue a project to determine
the long-term, solar-cycle variations of the Hanle depo-
larization in atomic lines. By normalizing the polarization
scale to the immutable molecular lines, subtle, small drifts
that could possibly occur in the polarization scale of the
measurements could be eliminated.

Acknowledgements. The observations were carried out with
ZIMPOL at IRSOL (Istituto Ricerche Solari Locarno). The
engineering group at ETH Zurich (Peter Povel, Peter Steiner,
Urs Egger, Frieder Aebersold, Stefan Hagenbuch) built the
ZIMPOL system and provided the technical support. The
ZIMPOL development program and one of the authors
(A.G.) have been funded by the Swiss Nationalfonds, grant
no. 20-56853.99. IRSOL receives funding from the canton
of Ticino, the city of Locarno, ETH Zurich, and the Swiss
Nationalfonds.

1075

Table A.1. Sign of the phase factor for atomic transitions.
Here, AL=L'—L" and AJ=J —J".

AJ (71)7‘]//_]/
AL=0 AL=4=1
1 - -
0 +* +
~1 + +

* Upper sign for transitions with J(J+1) > S(S+1)—L(L+1),
lower sign if otherwise.

Appendix A: Sign of the interference terms

A.1. Atomic lines

The sign of the interference terms is determined by the
phase factor of the reduced matrix element

(JUIPILT") = (L"ST"|[F|L'S.T)

L"+S+J+1 L" L' 1
= (_1) J J" S

xV2J + 1vV2L" + 1(L"||#||L),

(A.1)

or, more specifically, by the sign of the product between
the first factor on the right hand side (the power of (—1))
and the 6-j symbol (S94, p. 199). This sign is expressed in
terms of the parameters 4, and r s, denoted here as r v,
where J” and J’ are the quantum numbers of the lower
and upper levels, respectively (cf. Egs. (10) and (11)). The
sign is given in Table A.1.

A.2. Molecular lines

The sign of the interference terms for molecular transitions
is also determined by the phase factor of the reduced ma-
trix element as was concluded in Sect. 2.2. In diatomic
molecular spectroscopy uniform and consistent conven-
tions for the electronic transition moments and the rota-
tional line intensities have been formulated by Whiting
et al. (1980) following the definition given by Hougen
(1970). The expression for the reduced matrix element of
a diatomic molecule is known to depend on the way the
angular-momentum operators couple to form their resul-
tant, i.e., it is different for different Hund’s cases. It has
however not been thoroughly discussed whether the phase
factor of the molecular matrix elements is sensitive to the
angular momentum coupling scheme. Below we present an
extended discussion of the subject and try to explain in
general physical terms the behaviour of the sign that we
derive from the equations.

A.2.1. Hund's case (a)

In Hund’s case (a), when the orbital angular momentum
and the spin are strongly coupled to each other and to
the internuclear axis, they have the projections A and 3,
respectively, which together form the total electronic an-
gular momentum about the internuclear axis: 2 = A+ X
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Table A.2. Sign of the phase factor for molecular transitions
with Hund’s case (a). Here, AQ = Q' — Q" and AJ =J —J".

Branch AJ (=1)rara
AQ=0 AQ=+1
R +1 + F
Q 0 + +
P -1 + +

with quantum numbers = |A + X|. Then the total an-
gular momentum J is formed from 2 and the angular
momentum of nuclear rotation, and has quantum num-
bers J = Q,Q + 1,Q + 2,... The matrix elements of a
diatomic molecule in Hund’s case (a) are known expres-
sions (e.g. Hougen 1970; Landau & Lifshits 1963). Here we
present them in a more general form, in terms of the rota-
tion group. Thus, if a molecular transition occurs between
states described by Hund’s case (a), the reduced matrix
element is the product of the Clebsch-Gordan coefficient
and another reduced matrix element:

(TR = (1 1T |7

o B J/—"—Q”—‘rl\//i JII JI 1
- ( 1) 2J + 1 —Q” Q/ Z
(A.2)

< ('[|#[v"),
where [ = Q" — ). The matrix element (v'||#||v”) repre-
sents the amplitude of the transition between vibrational
states v/ and v”, i.e., it is proportional to the square root
of the vibrational band oscillator strength, v/f..». Note
that it is symmetric with respect to the direction of the
transition, and it is canceled out when the polarizability of
the rotational transition within a given band is calculated.
The sign of the interference term in this case is therefore
determined by the phase factor of the Clebsch-Gordan co-
efficient, namely the power of (—1) and the sign of the
3-7 symbol. It is given in Table A.2 for different transition
types.

The dependence of P and R branch transitions on the
sign of AQ2 can be understood if we recall that in a classical
interpretation they can be described in terms of linear
oscillators that are aligned with the molecular axis and
rotate together with it, while € is by definition oriented
along this axis. In contrast, transitions in Q branches can
be described in terms of oscillators that are perpendicular
to the molecular axis, and their sign is not affected by the
sign of AQ. Furthermore, since in Hund’s case (a) only
transitions with AY. = 0 are allowed, it is the sign of AA
that determines the sign of AQ and, thus, the sign of the
interference term.

A.2.2. Hund'’s case (b)

In Hund’s case (b), when the spin is decoupled from the
internuclear axis, the projection 3, and thus €2, is not de-
termined. Therefore, firstly, the total angular momentum
excluding spin N is formed from A and the rotation with
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Table A.3. Sign of the phase factor for molecular transitions
with Hund’s case (b). Here, AA = A" — A”.

Branch AJ (=1)ros
AA=0 AA=+1
R +1 + ¥
Q 0 +* 4+
P -1 + +

* Upper sign for transitions with J(J+1) > S(S+1)—N(N+1),
lower sign if otherwise.

quantum numbers N = A, A+ 1,A+ 2, ..., and, secondly,
the total angular momentum J is formed from IN and S
with quantum numbers J = N+S,N+S—1,...,|[N=S5|.
In Hund’s case (b) only transitions with AS = 0 are al-
lowed. The resulting reduced matrix element for molecular
transitions between states described by Hund’s case (b) is
then

e

N” N’ 1
J g S}

, " N” N' 1
X(*]_)N +A"+1 (_A// X k)
x+/(2J" +1)y/(2N' + 1)(2N" + 1)

x (V[[#]["),

(A.3)

where k = A" —A’. Here again, the reduced matrix element
(V'||#]|v") represents the amplitude of the transition be-
tween vibrational states v" and v”. As in Hund’s case (a) it
divides out when forming the polarizability Ws. The sign
of the interference term in this case is thus determined by
the power of (—1) and the signs of the 6-j and 3-j sym-
bols. The sign of the first row in Eq. (A.3) is the same
as in the atomic case given by Eq. (A.1) with L replaced
by N, while the sign of the second row is the same as in
Hund’s case (a) given by Eq. (A.2) and Table A.2, with Q
and J replaced by A and N, respectively.

Here we consider only transitions in the main rota-
tional branches, for which AJ = AN. Then the resulting
signs of the transitions in the R and P branches are the
same as in Hund’s case (a), while in the Q branches more
complicated relations appear (see Table A.3). Taking into
account that J =N+ S,...,|N — S| for given N and S,
the signs of the corresponding Q branch transitions will be
positive if J > 0,...,S. This means that all but the first
few Q branch transitions have positive sign as in Hund’s
case (a).

Let us consider, for example, the MgH A2Il — X2%
system, for which S = 1/2 and AA = +1. The first ro-
tational transitions in the Q; and Qo branches arise from
levels with J; = 1.5 and Jy = 0.5, respectively, i.e., N = 1.
The interference term of these transitions is positive, be-
cause S(S+1) — N(N + 1) < 0. This is also valid for all
the other transitions in the Q branches.

The resistance of the sign of the interference term in
the P and R branches to change between cases (a) and (b)
can be explained by the key role played by the sign of AA
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(cf. the explanations in Sect. A.2.1), and A is a good quan-
tum number for the case (b) coupling scheme. The decou-
pled spin however tries to affect the sign of the Q branch
transitions, which are associated with linear oscillators
perpendicular to the molecular axis. The larger the spin
value, the more the first transitions are affected, which
means that the sign of their interference terms may be
changed to become negative.

A.2.3. Intermediate Hund's case (ab)

In the intermediate case between Hund’s cases (a) and
(b), the spin is only partly decoupled from the internu-
clear axis. Then the reduced matrix element can only
be calculated with perturbation theory. In general it can
be expressed in terms of a linear combination of the
unperturbed amplitudes, either through (J”||#|]J')® or
(7))
+S

D OO (I |171].7)
Y=-5

) =

+5
b b ~
= 3 0N NI, (A4)
Y=-5

where Céa)N and C'(Ebg\, are the elements of the eigenvectors
of the perturbation matrices that transform the case (a)
or (b) wavefunctions into the intermediate case wavefunc-

tions. Analytical expressions for C(; zv are given by Kovécs
(1969) for many electronic states. Practical information on
the calculation of perturbation matrices for any electronic
states can be found in the recent paper by Berdyugina &
Solanki (2002).

Since the sign of the interference term for all the P and
R branches and for most transitions in the Q branches are
identical for Hund’s cases (a) and (b), it is logical that it
will conserve its value also in the intermediate case (re-
calling that A is a good quantum number for both cases).
Only for the first few transitions in the Q branches de-
tailed calculations are needed. Depending on the value of
the spin and on how strongly it is coupled to the internu-
clear axis, the sign for Q branch transitions may be either
positive or negative. These lines are however of very low
intensity and are therefore not of practical interest.

Appendix B: Oscillator strengths of molecular
lines

According to the convention of Whiting et al. (1980), the
absorption oscillator strength of the molecular transition
can be expressed via the reduced matrix element consid-
ered in Sect. A.2 in the same way as for atomic lines (cf.

S94, p. 160):
87('2mel/JlJN
3h

where v/ 5+ denotes the energy difference between the up-
per and lower rotational levels. According to the descrip-

fany = [N, (B.1)
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tion given in Sect. A.2, the square of the reduced matrix
element in the above expression can be written as a prod-
uct of two factors. We then obtain

8772meVJ/JN Al N2 SJ/JII
faory = TKU |[#[[v")] 277+ 1
vy g SJ’JH
= fyrpn ——— B.2
fu’u Vot 2J"+]_ ( )

where [,/ is the (v/,v”) band oscillator strength, v, is
the energy difference between the upper and lower vibra-
tional states, and Sy~ is the dimensionless Honl-London
factor. Note that f,r,~» and Sj:;» are symmetric with re-
spect to the direction of the transition, i.e., they are the
same for absorption and emission.

It is clear that the Honl-London factors are different for
different coupling cases. In Hund’s case (a), simple analyti-
cal expressions can easily be obtained from Eq. (A.2) (they
have been tabulated, e.g. by Kovacs 1969 and Berdyugina
& Solanki 2002). In Hund’s case (b), Honl-London factors
for a given electronic transition can also be rather easily
expressed via Eq. (A.3), and the final formulae look al-
most as simple as in Hund’s case (a) (cf. Schadee 1969).
Analytical expressions for some electronic transitions gov-
erned by the intermediate Hund’s case (ab) have been ob-
tained by Kovacs, but they are rather complicated, and it
is more practical to calculate them numerically with the
expansion of Eq. (A.4). The normalization of the Honl-
London factors should be done according to the conven-
tion of Whiting et al. (1980).

Finally note that for transitions between states with
A # 0, the lines appear as close doublets because of
the A-type doubling. The definition of the rotational line
strength given by Whiting et al. (1980) implies that a
A-doublet is composed of two rotational lines. Therefore,
if such a doublet is not resolved in the observed spectra,
the increase of absorption or emission in the blend is to
be accounted for by adding the contributions from two
rotational lines whose theoretical strengths are identical.
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